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Àííîòàöèÿ�Ðàññìîòðåíà ñèñòåìà îáñëóæèâàíèÿ òèïà Mθ/G/1/m ñ ãðóïïîâûì ïîñòóïëå-
íèåì çàÿâîê, ïåðåêëþ÷åíèÿìè ðåæèìîâ îáñëóæèâàíèÿ è âîññòàíàâëèâàþùåé áëîêèðîâêîé
ïîòîêà çàÿâîê. Áëîêèðîâêà âõîäíîãî ïîòîêà îñóùåñòâëÿåòñÿ ñ ìîìåíòà äîñòèæåíèÿ äëèíû
î÷åðåäè ÷èñëà m äî ìîìåíòà íà÷àëà îáñëóæèâàíèÿ òîé ïåðâîé çàÿâêè, äëÿ êîòîðîé ÷èñ-
ëî çàÿâîê â ñèñòåìå íå ïðåâûøàåò çàäàííûé ïîðîãîâûé (âîññòàíàâëèâàþùèé) óðîâåíü h.
Ñ ìîìåíòà íà÷àëà îáñëóæèâàíèÿ ïåðâîé çàÿâêè âî âðåìÿ áëîêèðîâêè è äî å¼ çàâåðøåíèÿ
âðåìÿ îáñëóæèâàíèÿ êàæäîé çàÿâêè ðàñïðåäåëåíî ïî çàêîíó F1(t) (âîññòàíàâëèâàþùèé
ðåæèì îáñëóæèâàíèÿ). Â îñòàëüíîå âðåìÿ ðàáîòû ñèñòåìû ïðèìåíÿåòñÿ îñíîâíîé ðåæèì
îáñëóæèâàíèÿ ñ ôóíêöèåé ðàñïðåäåëåíèÿ F (t) âðåìåíè îáñëóæèâàíèÿ îäíîé çàÿâêè. Íàé-
äåíû ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â ñèñòåìå íà ïåðèîäå çà-
íÿòîñòè è äëÿ ôóíêöèè ðàñïðåäåëåíèÿ ïåðèîäà çàíÿòîñòè, îïðåäåëåíà ñðåäíÿÿ ïðîäîëæè-
òåëüíîñòü ïåðèîäà çàíÿòîñòè, ïîëó÷åíû ôîðìóëû äëÿ ýðãîäè÷åñêîãî ðàñïðåäåëåíèÿ ÷èñëà
çàÿâîê â ñèñòåìå, âåðîÿòíîñòè îáñëóæèâàíèÿ è ñòàöèîíàðíûõ õàðàêòåðèñòèê î÷åðåäè. Ðå-
øåíû íåêîòîðûå çàäà÷è îïòèìàëüíîãî ñèíòåçà ñèñòåì ñ çàäàííûìè õàðàêòåðèñòèêàìè.

1. ÂÂÅÄÅÍÈÅ

Ðàññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ Mθ/G/1/m, êîòîðóþ ôîðìàëüíî îïèøåì ñëå-
äóþùèì îáðàçîì. Ïóñòü çàäàíû ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí {αn}, {θn}, {βn}
( n ≥ 1 ), ãäå αn ïðåäñòàâëÿåò âðåìÿ ìåæäó ïîñòóïëåíèåì (n − 1)�îé è n�îé ãðóïïû, θn �
÷èñëî çàÿâîê â n�îé ãðóïïå, à βn � âðåìÿ îáñëóæèâàíèÿ n�îé çàÿâêè. Âñå ïåðå÷èñëåííûå
âåëè÷èíû íåçàâèñèìû, ïðè÷¼ì P{αn < x} = 1 − e−λx ( λ > 0 ), P{θn = i} = ai ( i ≥ 1 ), è
P{βn < x} = F (x) (x ≥ 0 ), F (0) = 0. Åñëè P{θn = 1} = a1 = 1, òî çàÿâêè â ñèñòåìó ïîñòóïàþò
ïî îäíîé.

Çàÿâêè îáñëóæèâàþòñÿ ïî îäíîé, îáñëóæåííàÿ çàÿâêà ïîêèäàåò ñèñòåìó, à îáñëóæèâàþ-
ùåå óñòðîéñòâî íåìåäëåííî íà÷èíàåò îáñëóæèâàòü çàÿâêó èç î÷åðåäè ïðè å¼ íàëè÷èè èëè æå
æä¼ò ïîñòóïëåíèÿ î÷åðåäíîé ãðóïïû çàÿâîê. Ïðèìåíÿåòñÿ äèñöèïëèíà îáñëóæèâàíèÿ FIFO.
Î÷åðåäü âíóòðè îäíîé ãðóïïû çàÿâîê ìîæåò áûòü îðãàíèçîâàíà ïðîèçâîëüíî, ïîñêîëüêó èçó-
÷àåìûå íàìè õàðàêòåðèñèêè íå çàâèñÿò îò ñïîñîáà å¼ îðãàíèçàöèè.

Ïóñòü m � ìàêñèìàëüíîå ÷èñëî çàÿâîê, êîòîðûå îäíîâðåìåííî ìîãóò íàõîäèòüñÿ â î÷åðå-
äè. Èòàê, åñëè â ñèñòåìó, â êîòîðîé óæå íàõîäèòñÿ k ∈ [0, m + 1] çàÿâîê, ïîñòóïàåò ãðóïïà
èç θn çàÿâîê, òî òîëüêî min{θn, m + 1 − k} èç íèõ ïðèñîåäèíÿþòñÿ ê î÷åðåäè, à îñòàëüíûå
òåðÿþòñÿ. Îñîáåííîñòü ðàññìàòðèâàåìîé ñèñòåìû ñîñòîèò â òîì, ÷òî áëîêèðîâêà âõîäíîãî ïî-
òîêà îñóùåñòâëÿåòñÿ ñ ìîìåíòà äîñòèæåíèÿ äëèíû î÷åðåäè ÷èñëà m äî ìîìåíòà íà÷àëà îá-
ñëóæèâàíèÿ òîé ïåðâîé çàÿâêè, äëÿ êîòîðîé ÷èñëî çàÿâîê â ñèñòåìå íå ïðåâûøàåò çàäàííûé
ïîðîãîâûé (âîññòàíàâëèâàþùèé) óðîâåíü h (1 ≤ h ≤ m− 1). Ñ ìîìåíòà íà÷àëà îáñëóæèâàíèÿ
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ïåðâîé çàÿâêè âî âðåìÿ áëîêèðîâêè äî ìîìåíòà çàâåðøåíèÿ áëîêèðîâêè âõîäíîãî ïîòîêà âðå-
ìÿ îáñëóæèâàíèÿ êàæäîé çàÿâêè ðàñïðåäåëåíî ïî çàêîíó F1(t) (âîññòàíàâëèâàþùèé ðåæèì
îáñëóæèâàíèÿ). Îïèñàííóþ ñèñòåìó îáîçíà÷èì ÷åðåç Mθ

h,m/G1/1/m.

Öåëü íàñòîÿùåé ðàáîòû � èçó÷åíèå ñ ïîìîùüþ ìåòîäà ïîòåíöèàëà Â.Ñ. Êîðîëþêà [1, 2] îñ-
íîâíûõ ôóíêöèîíàëîâ îò ïðîöåññà îáñëóæèâàíèÿ ñèñòåìû Mθ

h,m/G1/1/m (ïåðèîäà çàíÿòîñòè,
ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â ñèñòåìå), ïîñòðîåíèå ýôôåêòèâíûõ âû÷èñëèòåëüíûõ àëãîðèò-
ìîâ äëÿ îïðåäåëåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê è ñòàöèîíàðíûõ õàðàêòåðèñ-
òèê ñèñòåìû.

Áîëüøèíñòâî àâòîðîâ ðàññìàòðèâàþò ñèñòåìû M/G/1/m, ÷òî îáóñëîâëåíî ñïåöèôèêîé èñ-
ïîëüçóåìûõ ìåòîäîâ. Â ñëó÷àå ïîñòóïëåíèÿ çàÿâîê ïî îäíîé âõîäíîé ïîòîê ÿâëÿåòñÿ îáû÷íûì
ïóàññîíîâñêèì ïðîöåññîì, à ïðè ãðóïïîâîì ïîñòóïëåíèè ýòîò ïðîöåññ ñòàíîâèòñÿ îáîáù¼ííûì
ïóàññîíîâñêèì, ÷òî çíà÷èòåëüíî óñëîæíÿåò èññëåäîâàíèå ñ òî÷êè çðåíèÿ àíàëèòèêè. Â 1974 ã.
Â.Ñ. Êîðîëþê [1] ïðåäëîæèë íîâûé ïîäõîä ê èçó÷åíèþ ôóíêöèîíàëîâ, ñâÿçàííûõ ñ ôëóê-
òóàöèÿìè ïîëóíåïðåðûâíîãî îáîáù¼ííîãî ïðîöåññà Ïóàññîíà, êîòîðûé â åãî ìîíîãðàôèè [2]
áûë ïåðåíåñ¼í è íà ñëó÷àé íåïðåðûâíûõ ñíèçó ñëó÷àéíûõ áëóæäàíèé. Â ðàáîòàõ [3�5] ýòîò
ïîäõîä (ìåòîä ïîòåíöèàëà) áûë óñïåøíî ïðèìåí¼í ê àíàëèçó ñèñòåì òèïà M/G/1 êàê ñ íåîãðà-
íè÷åííîé, òàê è ñ îãðàíè÷åííîé î÷åðåäüþ, à â ðàáîòàõ [6�12] � ê èññëåäîâàíèþ ðàçëè÷íûõ
ìîäèôèêàöèé ñèñòåìû Mθ/G/1/m.

Ïðèìåíåíèå áëîêèðîâêè âõîäíîãî ïîòîêà è ðåæèìîâ ñ ðàçëè÷íîé èíòåíñèâíîñòüþ îáñëóæè-
âàíèÿ ìîæíî îáúÿñíèòü ñòðåìëåíèåì ê óìåíüøåíèþ äëèíû î÷åðåäè è, êàê ñëåäñòâèå, ÷èñëà
ïîòåðÿííûõ çàÿâîê. Ñèñòåìû Mθ/G/1/m ñ áëîêèðîâêîé âõîäíîãî ïîòîêà èçó÷åíû íåäîñòàòî÷-
íî. Êðîìå íàøèõ ñòàòåé [8, 9] î ñèñòåìàõ ñ ïîðîãîâûìè ñòðàòåãèÿìè ôóíêöèîíèðîâàíèÿ, íàì
èçâåñòíû ëèøü ðàáîòû À.Í. Áðàòèé÷óêà [10�12], â êîòîðûõ ìåòîäîì ïîòåíöèàëà èññëåäîâàíû
ñèñòåìû ñ âîññòàíàâëèâàþùèì óðîâíåì âõîäíîãî ïîòîêà. Â ñëó÷àå, êîãäà çàÿâêè ïîñòóïàþò
ïî îäíîé, òàêèå ñèñòåìû âïåðâûå ðàññìîòðåíû â ðàáîòàõ [13, 14]. Â îòëè÷èå îò ðàáîò [10�14],
â íàñòîÿùåé ñòàòüå ìû ðàññìàòðèâàåì ñèñòåìó ñ ïåðåêëþ÷åíèÿìè ðåæèìîâ îáñëóæèâàíèÿ.

Âïåðâûå ñèñòåìû ñ "äâóõñêîðîñòíûì" îáñëóæèâàíèåì ðàññìàòðèâàëèñü â ñòàòüÿõ [15�17].
Îáçîð íåêîòîðûõ ðàáîò, ïîñâÿù¼ííûõ èçó÷åíèþ ñèñòåì ñ ïåðåêëþ÷åíèÿìè ðåæèìîâ îáñëóæè-
âàíèÿ, ìîæíî íàéòè â [18, 19].

2. ÎÑÍÎÂÍÛÅ ÎÁÎÇÍÀ×ÅÍÈß È ÂÑÏÎÌÎÃÀÒÅËÜÍÛÅ ÐÅÇÓËÜÒÀÒÛ

Îáîçíà÷èì ÷åðåç Mn (Pn) óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå (óñëîâíóþ âåðîÿòíîñòü) ïðè
óñëîâèè, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè â ñèñòåìå ïðåáûâàåò n ≥ 0 çàÿâîê, è ÷åðåç M (P)
óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå (óñëîâíóþ âåðîÿòíîñòü) ïðè óñëîâèè, ÷òî ñèñòåìà íà÷èíà-
åò ðàáîòàòü, êîãäà ïðèáûâàåò ïåðâàÿ ãðóïïà çàÿâîê. Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷å-
íèÿ: η(x) � ÷èñëî çàÿâîê, ïîñòóïèâøèõ â ñèñòåìó íà ïðîìåæóòêå âðåìåíè [0; x); ξ(t) � ÷èñëî
çàÿâîê â ñèñòåìå â ìîìåíò âðåìåíè t; βj � âðåìÿ îáñëóæèâàíèÿ j�îé çàÿâêè, äëÿ êîòîðîé
P{βj < x} = F (x); β1j � âðåìÿ îáñëóæèâàíèÿ j�îé çàÿâêè, äëÿ êîòîðîé P{β1j < x} = F1(x);
ak∗

i � k�êðàòíàÿ ñâ¼ðòêà ïîñëåäîâàòåëüíîñòè ai; ρk(m) � ýðãîäè÷åñêîå ðàñïðåäåëåíèå ÷èñëà
çàÿâîê â ñèñòåìå; a(s, z) = s + λ

(
1− α(z)

)
. Ïóñòü

f(s) =

∞∫

0

e−sxdF (x), f1(s) =

∞∫

0

e−sxdF1(x);

m1 =

∞∫

0

x dF (x) < ∞; m11 =

∞∫

0

x dF1(x) < ∞; b1 =
∞∑

k=1

kak < ∞;
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F (x) = 1− F (x), F 1(x) = 1− F1(x); α(z) =
∞∑

k=1

zkak;

an =
∞∑

k=n

ak, pn(s) =
∞∑

k=n

pk(s), qn(s) =
∞∑

k=n

qk(s),
0∑

k=1

bk = 0.

Ñëåäóÿ ðàáîòàì [2, 6], ðàññìîòðèì íåïðåðûâíîå ñíèçó ðåø¼ò÷àòîå áëóæäàíèå Sn (n ≥ 0),
êîòîðîå çàäà¼òñÿ ïîñëåäîâàòåëüíîñòüþ íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ
âåëè÷èí ξn (n ≥ 0), òàêèõ, ÷òî P{ξk = i} = pi, i ≥ −1, p−1 > 0. Òîãäà Sn = S0 +

n∑
i=1

ξi, n ≥ 0.
Ïóñòü

∞∑

i=−1

zipi = Mzξ1 = k(z), 0 < |z| ≤ 1;

è óðàâíåíèå k(z)− 1 = µ (µ > 0) èìååò åäèíñòâåííûé êîðåíü z−(µ) íà èíòåðâàëå (0; 1).
Ïîñëåäîâàòåëüíîñòü Bk(µ) (µ > 0, k = 1, 2, . . .), êîòîðàÿ çàäà¼òñÿ ñ ïîìîùüþ ðàâåíñòâà

∞∑

k=1

zkBk(µ) =
1

k(z)− 1− µ
, |z| < z−(µ),

íàçûâàåòñÿ ðåçîëüâåíòîé áëóæäàíèÿ Sn.
Èç îïðåäåëåíèÿ ðåçîëüâåíòû ñëåäóåò, ÷òî B1(µ) = 1/p1 > 0. Ïîñëåäîâàòåëüíîñòü Bk =

lim
µ→0

Bk(µ) (k = 1, 2, . . .) íàçûâàåòñÿ ïîòåíöèàëîì áëóæäàíèÿ Sn. Î÷åâèäíî, ÷òî

∞∑

k=1

zkBk =
1

k(z)− 1
, |z| < z−(0).

Îäíèì èç ðåçóëüòàòîâ ðàáîòû [6] ÿâëÿåòñÿ ïðåäñòàâëåíèå äëÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ

ϕ(n)− ν

N−n−2∑

i=−1

piϕ(n+i) = fn (1 ≤ n ≤ N − 1), (1)

ãäå 0 < ν ≥ 1, ïîñëåäîâàòåëüíîñòü fn ( n = 1, N − 1 ) çàäàíà, à ïîñëåäîâàòåëüíîñòü ϕ(n)
( n = 0, N − 1 ) íåîáõîäèìî íàéòè êàê ðåøåíèå ýòîãî óðàâíåíèÿ.

Îáùåå ðåøåíèå óðàâíåíèÿ (1) èìååò âèä

ϕ(n) =
(
1+QN−n(ν)

)
ϕ(N − 1)− 1

ν

N−n−1∑

k=1

Bk(µ)fn+k, (2)

ãäå

Qn(ν) =
1
ν

n−1∑

k=1

Bk(µ)dn−k−1(ν); dk(ν) = 1− ν
k−1∑

i=−1

pi, µ =
1
ν
− 1. (3)

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü pi(s) (Re s ≥ 0) ñ ïîìîùüþ ñîîòíîøåíèÿ
∞∑

i=−1

zipi(s) =
f(a(s, z))

zf(s)
. (4)
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Òîãäà

pi(s) =
1

f(s)

∞∫

0

e−sx P{η(x) = i + 1} dF (x)

=
1

f(s)

i+1∑

k=0

ak∗
i+1

∞∫

0

e−(λ+s)x (λx)k

k!
dF (x) ( i = −1, 0, 1, ... ) .

(5)

Ôóíêöèè pi(s) ñ s ≥ 0 ìîæíî èíòåðïðåòèðîâàòü êàê ðàñïðåäåëåíèå ñêà÷êîâ íåêîòîðîãî íåïðå-
ðûâíîãî ñíèçó ñëó÷àéíîãî áëóæäàíèÿ. Ýòî áëóæäàíèå îáîçíà÷èì ÷åðåç ξn(s) è áóäåì íàçûâàòü
åãî "áàçîâûì ñëó÷àéíûì áëóæäàíèåì". Ãåíåðàòðèñà ïðèðîñòîâ ýòîãî áëóæäàíèÿ çà îäèí øàã
ðàâíà

M zξn(s)−ξn−1(s) =
f
(
a(s, z)

)

zf(s)
.

Åñëè Bk(µ, s) (k = 1, 2 . . .) � ðåçîëüâåíòà ýòîãî áëóæäàíèÿ, òî
∞∑

k=1

zkBk(µ, s) =
zf(s)

f
(
a(s, z)

)− (1 + µ)zf(s)
, |z| < ν−(s, µ), (6)

ãäå ν−(s, µ) � åäèíñòâåííûé êîðåíü óðàâíåíèÿ f
(
a(s, z)

)−(1+µ)zf(s) = 0 íà ïðîìåæóòêå [0; 1].
Äëÿ ôóíêöèè Rk(s) = f−1(s)Bk(f−1(s)− 1, s) èç (6) ïîëó÷àåì

∞∑

k=1

zkRk(s) =
z

f
(
a(s, z)

)− z
, |z| < ν−(s), (7)

ãäå ν−(s) � åäèíñòâåííûé êîðåíü óðàâíåíèÿ f
(
a(s, z)

)
= z íà ïðîìåæóòêå [0; 1].

Ïîñëåäîâàòåëüíîñòü qi(s) (i = 0, 1, . . .) çàäàäèì ñ ïîìîùüþ ðàâåíñòâà
∞∑

i=0

ziqi(s) =
1− f(a(s, z))

a(s, z)
. (8)

Òîãäà

qi(s) =

∞∫

0

e−sx P{η(x) = i }F (x) dx =
i∑

k=0

ak∗
i

∞∫

0

e−(λ+s)x (λx)k

k!
F (x) dx. (9)

Ââåäÿ îáîçíà÷åíèÿ: ρ = λm1b1, ν− = lim
s→+0, ρ>1

ν−(s);

pi = lim
s→+0

pi(s), Ri = lim
s→+0

Ri(s), qi = lim
s→+0

qi(s), (10)

èç ðàâåíñòâ (4), (5), (7)�(9) ïîëó÷èì ñîîòíîøåíèÿ [6]:
∞∑

i=−1

zipi =
f
(
λ(1− α(z))

)

z
; pi =

i+1∑

k=0

ak∗
i+1

∞∫

0

e−λx (λx)k

k!
dF (x) ( i = −1, 0, 1, ... ) ;

∞∑

k=1

zkRk =
z

f
(
λ(1− α(z))

)− z
, |z| < min{1, ν−} ;

∞∑

i=0

ziqi =
1− f

(
λ(1− α(z))

)

λ(1− α(z))
, qi =

i∑

k=0

ak∗
i

∞∫

0

e−λx (λx)k

k!
F (x) dx,

∞∑

k=0

qk = m1.

(11)
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3. ÐÀÑÏÐÅÄÅËÅÍÈÅ ×ÈÑËÀ ÇÀßÂÎÊ Â ÑÈÑÒÅÌÅ ÍÀ ÏÅÐÈÎÄÅ ÇÀÍßÒÎÑÒÈ
Ïóñòü τ(m) = inf{ t ≥ 0 : ξ(t) = 0 } îáîçíà÷àåò ïåðâûé ïåðèîä çàíÿòîñòè äëÿ ñèñòåìû

Mθ
h,m/G1/1/m è

ϕn(t, k) = Pn{ ξ(t) = k, τ(m) > t } ( 1 ≤ n, k ≤ m + 1 ),

Φn(s, k) =

∞∫

0

e−stϕn(t, k) dt, Re s > 0.

Ââåä¼ì îáîçíà÷åíèÿ:

gn(s, k) = g(s, k)pm−n(s) + fn(s, k),

g(s, k) = I{h + 1 ≤ k ≤ m}f(s)
fm−k
1 (s)

(
1− f1(s)

)

s
;

fn(s, k) = qk−n(s) + I{k = m + 1}qm−n+2(s).

(12)

Çäåñü I{A} ðàâíî 1 ëèáî 0, â çàâèñèìîñòè îò òîãî, ñîñòîÿëîñü ñîáûòèå A èëè íåò. Ïóñòü òàêæå

∆(s) =

∣∣∣∣∣∣∣∣∣∣

1 + f(s)fm−h
1 (s)

m−h∑
i=1

Ri(s)pm−h−i(s) Rm−h(s)

f(s)fm−h
1 (s)

m∑
i=1

Ri(s)pm−h−i(s) Rm(s)

∣∣∣∣∣∣∣∣∣∣

,

∆1(s, k) =

∣∣∣∣∣∣∣∣∣∣

Rm−h(s)
m−h∑
i=1

Ri(s)gh+i(s, k)

Rm(s)
m∑

i=1
Ri(s)gi(s, k)

∣∣∣∣∣∣∣∣∣∣

,

∆2(s, k) =

∣∣∣∣∣∣∣∣∣∣

1 + f(s)fm−h
1 (s)

m−h∑
i=1

Ri(s)pm−h−i(s)
m−h∑
i=1

Ri(s)gh+i(s, k)

f(s)fm−h
1 (s)

m∑
i=1

Ri(s)pm−i(s)
m∑

i=1
Ri(s)gi(s, k)

∣∣∣∣∣∣∣∣∣∣

.

Òåîðåìà 1. Äëÿ ïðîèçâîëüíûõ 1 ≤ k ≤ m + 1, 1 ≤ n ≤ m − 1 è Re s > 0 èìåþò ìåñòî
ïðåäñòàâëåíèÿ

∞∫

0

e−st Pn{ ξ(t) = k, τ(m) > t } dt = Rm−n(s)Φm(s, k)

−f(s)fm−h
1 (s)Φh(s, k)

m−n∑

i=1

Ri(s)pm−n−i(s)−
m−n∑

i=1

Ri(s)gn+i(s, k),

(13)

ãäå

Φh(s, k) =
∆1(s, k)

∆(s)
, Φm(s, k) =

∆2(s, k)
∆(s)

. (14)
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Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ϕ0(t, k) = 0. Èñïîëüçóÿ ôîðìóëó ïîëíîé âåðîÿòíîñòè, äëÿ
1 ≤ n ≤ m ïîëó÷èì ñîîòíîøåíèÿ

ϕn(t, k) =
m−n∑

i=0

t∫

0

P{η(x) = i }ϕn+i−1(t− x, k) dF (x)

+

t∫

0

P{η(x) ≥ m + 1− n }
t−x∫

0

P
{m−h∑

i=1

β1i ∈ dv

}
ϕh(t− x− v, k) dF (x)

+I{h + 1 ≤ k ≤ m}
t∫

0

P{η(x) ≥ m + 1− n }P
{m−k∑

i=1

β1i < t− x ≤
m+1−k∑

i=1

β1i

}
dF (x)

+
(
P{η(t) = k − n }+ I{k = m + 1}P{η(t) ≥ m + 2− n })F (t).

(15)

Îáúÿñíèì âåðîÿòíîñòíûé ñìûñë ñëàãàåìûõ â ïðàâîé ÷àñòè ðàâåíñòâà (15). Ïåðâîå ñëàãàå-
ìîå ñîîòâåòñòâóåò ñèòóàöèè, êîãäà ïåðâîå îáñëóæèâàíèå çàâåðøèëîñü êî âðåìåíè t (âêëþ÷àÿ
t), è çà âðåìÿ îáñëóæèâàíèÿ ïåðâîé çàÿâêè äëèíà î÷åðåäû íå ïðåâûñèëà m− 1. Âòîðîå ñëàãà-
åìîå ñîîòâåòñòâóåò ñèòóàöèè, â êîòîðîé ïåðâîå îáñëóæèâàíèå çàâåðøèëîñü äî ìîìåíòà t, è çà
âðåìÿ îáñëóæèâàíèÿ ïåðâîé çàÿâêè äëèíà î÷åðåäû äîñòèãëà óðîâíÿ m, íî ïîñëå çàâåðøåíèÿ
îáñëóæèâàíèÿ ïåðâîé çàÿâêè (â ìîìåíò x) äëèíà î÷åðåäè äîñòèãëà çíà÷åíèÿ h−1 ïåðåä ìîìåí-
òîì t. Òðåòüå ñëàãàåìîå ñîîòâåòñòâóåò ñèòóàöèè, â êîòîðîé ïåðâîå îáñëóæèâàíèå çàâåðøèëîñü
äî ìîìåíòà t, è çà âðåìÿ îáñëóæèâàíèÿ ïåðâîé çàÿâêè äëèíà î÷åðåäû äîñòèãëà óðîâíÿ m, à
ïîñëå çàâåðøåíèÿ îáñëóæèâàíèÿ ïåðâîé çàÿâêè äëèíà î÷åðåäè íå óìåíüøèëàñü äî çíà÷åíèÿ
h− 1 ïåðåä ìîìåíòîì t.

Ïîñëåäíåå ñëàãàåìîå â (15) ñîîòâåòñòâóåò ñèòóàöèè, â êîòîðîé ïåðâîå îáñëóæèâàíèå çà-
âåðøèëîñü ïîñëå âðåìåíè t. Äëÿ òîãî, ÷òîáû ýòî ñëàãàåìîå íå áûëî íóëåâûì, íåîáõîäèìî,
âî-ïåðâûõ, ÷òîáû âûïîëíÿëîñü óñëîâèå k ≥ n, è, âî-âòîðûõ, åñëè n ≤ k ≤ m, òî íà ïðîìå-
æóòêå [0; t] ïîñòóïÿò òîëüêî k − n çàÿâîê, à åñëè k = m + 1, òî íà ïðîìåæóòêå [0; t] ìîæåò
ïîñòóïèòü íå ìåíåå m + 1− n çàÿâîê.

Ïåðåéä¼ì â (15) ê ïðåîáðàçîâàíèÿì Ëàïëàñà. Âûïîëíèì íåîáõîäèìûå âû÷èñëåíèÿ. Ó÷èòû-
âàÿ ðàâåíñòâà (5) è (9), íàõîäèì

∞∫

0

e−sx P{η(x) = j} dF (x) = pj−1(s)f(s);

∞∫

0

e−st

t∫

0

P{η(x) ≥ m + 1− n }
t−x∫

0

P
{m−h∑

i=1

β1i ∈ dv

}
ϕh(t− x− v, k) dF (x) dt

= f(s)fm−h
1 (s)pm−n(s)Φh(s, k);

∞∫

0

e−st P
{m−k∑

j=1

β1j < t ≤
m+1−k∑

j=1

β1j

}
dt

=

∞∫

0

e−st

t∫

0

P{β1,m+1−k ≥ t− z} dP
{m−k∑

j=1

β1j < z

}
dt = fm−k

1 (s)
1− f1(s)

s
;

∞∫

0

e−st
(
P{η(t) = k − n }+ I{k = m + 1}P{η(t) ≥ m + 2− n })F (t) dt
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= qk−n(s) + I{k = m + 1}qm+2−n(s).

Èñïîëüçóÿ ïðèâåä¼ííûå ðåçóëüòàòû âû÷èñëåíèÿ èíòåãðàëîâ, èç (15) ïîëó÷àåì ñèñòåìó óðàâ-
íåíèé äëÿ îïðåäåëåíèÿ ôóíêöèé Φn(s, k) (1 ≤ n ≤ m)

Φn(s, k) = f(s)
m−n−1∑

j=−1

pj(s)Φn+j(s, k) + f(s)fm−h
1 (s)pm−n(s)Φh(s, k) + gn(s, k), (16)

ñ ãðàíè÷íûì óñëîâèåì

Φ0(s, k) = 0. (17)

Ñ ïîìîùüþ ñîîòíîøåíèé (1) è (2) ðåøåíèÿ ñèñòåìû óðàâíåíèé (16) çàïèøåì â âèäå

Φn(s, k) =
(
1 + Qm+1−n(f(s))

)
Φm(s, k)− f−1(s)

m−n∑

i=1

Bi(µ, s)gn+i(s, k)

− fm−h
1 (s)Φh(s, k)

m−n∑

i=1

Bi(µ, s)pm−n−i(s),

ãäå µ = f−1(s)−1, à ôóíêöèè Qn(f(s)) è Bn(µ, s) îïðåäåëåíû ñîãëàñíî (3) è (6) ñîîòâåòñòâåííî.
Â òåðìèíàõ ôóíêöèé Rk(s) = f−1(s)Bk(µ, s) ïðåäûäóùèå ñîîòíîøåíèÿ ïðèíèìàþò âèä

Φn(s, k) =
(
1 + Qm+1−n(s)

)
Φm(s, k)−

m−n∑

i=1

Ri(s)gn+i(s, k)

− f(s)fm−h
1 (s)Φh(s, k)

m−n∑

i=1

Ri(s)pm−n−i(s),

(18)

ãäå Qn(s) =
n−1∑
j=1

Rj(s)dn−j−1(s), dk(s) = 1− f(s)
k−1∑
i=−1

pi(s).

Èç ñîîòíîøåíèÿ (7) ñëåäóåò ðàâåíñòâî

f(s)
n∑

j=1

Rj(s)pn−j(s) = Rn(s)− (
1− f(s)

) n∑

j=1

Rj(s)− 1, n ≥ 1. (19)

Ýòî ñîîòíîøåíèå, à òàêæå ðàâåíñòâî dk(s) = 1− f(s) + f(s)pk(s) äàþò

1 + Qn(s) = 1 +
(
1− f(s)

) n−1∑

j=1

Rj(s) + f(s)
n−1∑

j=1

Rj(s)pn−j−1(s) = Rn−1(s).

Òåïåðü ñîîòíîøåíèÿ (18) ìîæåì ïåðåïèñàòü òàê

Φn(s, k) =Rm−n(s)Φm(s, k)−
m−n∑

i=1

Ri(s)gn+i(s, k)

−f(s)fm−h
1 (s)Φh(s, k)

m−n∑

i=1

Ri(s)pm−n−i(s).

(20)
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Ïîëîæèâ â (20) n = h è ïîòîì n = 0, ñ ó÷¼òîì óñëîâèÿ (17) ïîëó÷èì ñëåäóþùóþ ñèñòåìó äâóõ
ëèíåéíûõ óðàâíåíèé äëÿ îïåðåäåëåíèÿ Φh(s, k) è Φm(s, k) :

Φh(s, k)
(

1 + f(s)fm−h
1 (s)

m−h∑

i=1

Ri(s)pm−h−i(s)
)
− Φm(s, k)Rm−h(s) = −

m−h∑

i=1

Ri(s)gh+i(s, k);

Φh(s, k)f(s)fm−h
1 (s)

m∑

i=1

Ri(s)pm−i(s)− Φm(s, k)Rm(s) = −
m∑

i=1

Ri(s)gi(s, k).

Å¼ ðåøåíèå îïðåäåëÿåòñÿ ôîðìóëàìè (14), êîòîðûå âìåñòå ñ (20) äàþò ñîîòíîøåíèÿ (13).
Äëÿ ïîëíîãî çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû1 íåîáõîäèìî ïîêàçàòü, ÷òî ∆(s) 6= 0 äëÿ

âñåõ Re s > 0. Ýòî äåëàåòñÿ àíàëîãè÷íî, êàê â äîêàçàòåëüñòâå òåîðåìû 3.1 ðàáîòû [6, c. 85].
Òåîðåìà äîêàçàíà. ¤

4. ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÎÏÐÅÄÅËÈÒÅËÅÉ
Ïðåîáðàçóåì îïðåäåëèòåëè ∆(s), ∆1(s, k) è ∆2(s, k) ê âèäó, óäîáíîìó äëÿ äàëüíåéøåãî

èññëåäîâàíèÿ. Ââåä¼ì îáîçíà÷åíèÿ:

D(s)=

∣∣∣∣∣∣∣∣∣∣

m−h∑
i=1

Ri(s) Rm−h(s)

m∑
i=1

Ri(s) Rm(s)

∣∣∣∣∣∣∣∣∣∣

, D1(s, k)=

∣∣∣∣∣∣∣∣∣∣

Rm−h(s)
m−h∑
i=1

Ri(s)fh+i(s, k)

Rm(s)
m∑

i=1
Ri(s)fi(s, k)

∣∣∣∣∣∣∣∣∣∣

,

D2(s, k)=

∣∣∣∣∣∣∣∣∣∣

m−h∑
i=1

Ri(s)
m−h∑
i=1

Ri(s)fh+i(s, k)

m∑
i=1

Ri(s)
m∑

i=1
Ri(s)fi(s, k)

∣∣∣∣∣∣∣∣∣∣

.

Ëåììà 1. Ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

∆(s) = Rm(s) + fm−h
1 (s)

(
Rm−h(s)−Rm(s)

)− fm−h
1 (s)

(
1− f(s)

)
D(s);

∆1(s, k) = g(s, k)f−1(s)
((

1− f(s)
)
D(s) + Rm(s)−Rm−h(s)

)
+ D1(s, k);

∆2(s, k) = g(s, k)
m∑

i=1

Ri(s)pm−i(s) +
(
1− fm−h

1 (s)
) m∑

i=1

Ri(s)fi(s, k) + fm−h
1 (s)D1(s, k)

− fm−h
1 (s)

(
1− f(s)

)
D2(s, k) + fm−h

1 (s)
m−h∑

i=1

Ri(s)fh+i(s, k).

(21)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ñîîòíîøåíèÿ (19), íàõîäèì:

∆(s) =

∣∣∣∣∣∣∣∣∣∣

1 + f(s)fm−h
1 (s)

m−h∑
i=1

Ri(s)pm−h−i(s) Rm−h(s)

f(s)fm−h
1 (s)

m∑
i=1

Ri(s)pm−i(s) Rm(s)

∣∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣∣

1 + fm−h
1 (s)

(
Rm−h(s)− (

1− f(s)
) m−h∑

i=1
Ri(s)− 1

)
Rm−h(s)

fm−h
1 (s)

(
Rm(s)− (

1− f(s)
) m∑

i=1
Ri(s)− 1

)
Rm(s)

∣∣∣∣∣∣∣∣∣∣

= Rm(s)− fm−h
1 (s)

∣∣∣∣∣∣∣∣∣∣

(
1− f(s)

) m−h∑
i=1

Ri(s) + 1 Rm−h(s)

(
1− f(s)

) m∑
i=1

Ri(s) + 1 Rm(s)

∣∣∣∣∣∣∣∣∣∣

,

÷òî ðàâíîñèëüíî ïåðâîìó èç ñîîòíîøåíèé (21).
Àíàëîãè÷íî, ó÷èòûâàÿ (12) è (19), ïîëó÷àåì

∆1(s, k) =

∣∣∣∣∣∣∣∣∣∣

Rm−h(s)
m−h∑
i=1

Ri(s)gh+i(s, k)

Rm(s)
m∑

i=1
Ri(s)gi(s, k)

∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣

Rm−h(s) g(s, k)
m−h∑
i=1

Ri(s)pm−h−i(s) +
m−h∑
i=1

Ri(s)fh+i(s, k)

Rm(s) g(s, k)
m∑

i=1
Ri(s)pm−i(s) +

m∑
i=1

Ri(s)fi(s, k)

∣∣∣∣∣∣∣∣∣∣

= g(s, k)

∣∣∣∣∣∣∣∣∣∣

Rm−h(s)
m−h∑
i=1

Ri(s)pm−h−i(s)

Rm(s)
m∑

i=1
Ri(s)pm−i(s)

∣∣∣∣∣∣∣∣∣∣

+ D1(s, k)

= g(s, k)f−1(s)

∣∣∣∣∣∣∣∣∣∣

Rm−h(s) Rm−h(s)− (
1− f(s)

) m−h∑
i=1

Ri(s)− 1

Rm(s) Rm(s)− (
1− f(s)

) m∑
i=1

Ri(s)− 1

∣∣∣∣∣∣∣∣∣∣

+ D1(s, k)

= −g(s, k)f−1(s)

∣∣∣∣∣∣∣∣∣∣

Rm−h(s)
(
1− f(s)

) m−h∑
i=1

Ri(s) + 1

Rm(s)
(
1− f(s)

) m∑
i=1

Ri(s) + 1

∣∣∣∣∣∣∣∣∣∣

+ D1(s, k)

= g(s, k)f−1(s)
((

1− f(s)
)
D(s) + Rm(s)−Rm−h(s)

)
+ D1(s, k).
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È, íàêîíåö,

∆2(s, k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 + f(s)fm−h
1 (s)

m−h∑
i=1

Ripm−h−i(s) g(s, k)
m−h∑
i=1

Ri(s)pm−h−i(s)

+
m−h∑
i=1

Ri(s)fh+i(s, k)

f(s)fm−h
1 (s)

m∑
i=1

Ri(s)pm−i(s) g(s, k)
m∑

i=1
Ri(s)pm−i(s)

+
m∑

i=1
Ri(s)fi(s, k)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= g(s, k)
m∑

i=1

Ri(s)pm−i(s) +
m∑

i=1

Ri(s)fi(s, k)

+ f(s)fm−h
1 (s)

∣∣∣∣∣∣∣∣∣∣

m−h∑
i=1

Ripm−h−i(s)
m−h∑
i=1

Ri(s)fh+i(s, k)

m∑
i=1

Ri(s)pm−i(s)
m∑

i=1
Ri(s)fi(s, k)

∣∣∣∣∣∣∣∣∣∣

= g(s, k)
m∑

i=1

Ri(s)pm−i(s) +
m∑

i=1

Ri(s)fi(s, k)

+ fm−h
1 (s)

∣∣∣∣∣∣∣∣∣∣

Rm−h(s)− (
1− f(s)

) m−h∑
i=1

Ri(s)− 1
m−h∑
i=1

Ri(s)fh+i(s, k)

Rm(s)− (
1− f(s)

) m∑
i=1

Ri(s)− 1
m∑

i=1
Ri(s)fi(s, k)

∣∣∣∣∣∣∣∣∣∣

= g(s, k)
m∑

i=1

Ri(s)pm−i(s) + (1− fm−h
1 (s))

m∑

i=1

Ri(s)fi(s, k)

+ fm−h
1 (s)

∣∣∣∣∣∣∣∣∣∣

Rm−h(s)
m−h∑
i=1

Ri(s)fh+i(s, k)

Rm(s)
m∑

i=1
Ri(s)fi(s, k)

∣∣∣∣∣∣∣∣∣∣

+ fm−h
1 (s)

m−h∑

i=1

Ri(s)fh+i(s, k)

− fm−h
1 (s)

(
1− f(s)

)

∣∣∣∣∣∣∣∣∣∣

m−h∑
i=1

Ri(s)
m−h∑
i=1

Ri(s)fh+i(s, k)

m∑
i=1

Ri(s)
m∑

i=1
Ri(s)fi(s, k)

∣∣∣∣∣∣∣∣∣∣

= g(s, k)
m∑

i=1

Ri(s)pm−i(s) + (1− fm−h
1 (s))

m∑

i=1

Ri(s)fi(s, k)

+ fm−h
1 (s)D1(s, k)− fm−h

1 (s)
(
1− f(s)

)
D2(s, k) + fm−h

1 (s)
m−h∑

i=1

Ri(s)fh+i(s, k).

Ëåìà äîêàçàíà. ¤
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5. ÏÅÐÈÎÄ ÇÀÍßÒÎÑÒÈ È ÝÐÃÎÄÈ×ÅÑÊÎÅ ÐÀÑÏÐÅÄÅËÅÍÈÅ
Ïðåæäå âñåãî, ñ öåëüþ ñîêðàùåíèÿ îáú¼ìà çàïèñåé â ïðèâåä¼ííûõ â ýòîì ðàçäåëå âû÷èñ-

ëåíèÿõ, äîãîâîðèìñÿ, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî R0(s) = 1.
Åñëè ñèñòåìà íà÷èíàåò ðàáîòàòü, êîãäà ïîñòóïàåò ïåðâàÿ ãðóïïà çàÿâîê, òî

∞∫

0

e−st P{ ξ(t) = k, τ(m) > t } dt =
m∑

n=1

an

∞∫

0

e−st Pn{ ξ(t) = k, τ(m) > t } dt

+am+1

∞∫

0

e−st Pm+1{ ξ(t) = k, τ(m) > t } dt =
m∑

n=1

anΦn(s, k) + am+1Φm+1(s, k).

(22)

Äëÿ ïîëó÷åíèÿ âûðàæåíèÿ äëÿ Φm+1(s, k), ñíà÷àëà ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè íàéä¼ì
ϕm+1(t, k) :

ϕm+1(t, k) =

t∫

0

t−x∫

0

P
{m−h∑

i=1

β1i ∈ dv

}
ϕh(t− x− v, k) dF1(x)

+I{h + 1 ≤ k ≤ m}
t∫

0

P
{m−k∑

i=1

β1i < t− x ≤
m+1−k∑

i=1

β1i

}
dF1(x) + I{k = m + 1}F1(t).

Ïðåîáðàçîâàíèå Ëàïëàñà îò ϕm+1(t, k) èìååò âèä

Φm+1(s, k) = fm−h+1
1 (s)Φh(s, k) + I{h + 1 ≤ k ≤ m + 1}fm−k+1

1 (s)
1− f1(s)

s
. (23)

Òåïåðü, èñïîëüçóÿ ñîòíîøåíèÿ (13) è (23), ìîæåì ïîäðîáíî ðàñïèñàòü ðàâåíñòâî (22)
∞∫

0

e−st P{ ξ(t) = k, τ(m) > t } dt =
m∑

n=1

anRm−n(s)Φm(s, k)

− fm−h
1 (s)

(
f(s)

m∑

n=1

an

m−n∑

i=1

Ri(s)pm−n−i(s)− f1(s)am+1

)
Φh(s, k)

−
m∑

n=1

an

m−n∑

i=1

Ri(s)gn+i(s, k) + am+1I{h + 1 ≤ k ≤ m + 1}fm−k+1
1 (s)

1− f1(s)
s

.

(24)

Äëÿ ïîëó÷åíèÿ ïðåäñòàâëåíèÿ äëÿ
∞∫
0

e−st P{ τ(m) > t } dt íàì íåîáõîäèìî ïåðåéòè â ðàâåí-

ñòâå (24) ê ñóììèðîâàíèþ ïî k îò 1 äî m + 1. Íåòðóäíî óáåäèòüñÿ, ÷òî

m+1∑

k=1

fn(s, k) =
1− f(s)

s
;

m+1∑

k=1

g(s, k) =
f(s)

(
1− fm−h

1 (s)
)

s
;

m+1∑

k=1

gn(s, k) = f(s)
1− fm−h

1 (s)
s

pm−n(s) +
1− f(s)

s
;

m+1∑

k=1

D1(s, k) = −1− f(s)
s

D(s);
m+1∑

k=1

D2(s, k) = 0.

(25)
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Ïîýòîìó, èñïîëüçóÿ ñîîòíîøåíèÿ (21) è (19), íàõîäèì:

m+1∑

k=1

∆1(s, k) = −1−f(s)
s

D(s) +
1−fm−h

1 (s)
s

((
1−f(s)

)
D(s)+Rm(s)−Rm−h(s)

)

=
1−fm−h

1 (s)
s

(
Rm(s)−Rm−h(s)

)− fm−h
1 (s)

1−f(s)
s

D(s) = s−1
(
∆(s)−Rm−h(s)

)
;

m+1∑

k=1

∆2(s, k) = f(s)
1− fm−h

1 (s)
s

m∑

i=1

Ri(s)pm−i(s) +

(
1−f(s)

)(
1−fm−h

1 (s)
)

s

m∑

i=1

Ri(s)

−fm−h
1 (s)

(
1− f(s)

)

s
D(s)+

fm−h
1 (s)

(
1− f(s)

)

s

m−h∑

i=1

Ri(s)

=
1−fm−h

1 (s)
s

(
Rm(s)−(

1− f(s)
) m∑

i=1

Ri(s)− 1
)

+

(
1− f(s)

)
(1−fm−h

1 (s))
s

m∑

i=1

Ri(s)

− fm−h
1 (s)

(
1− f(s)

)

s
D(s) +

fm−h
1 (s)

(
1− f(s)

)

s

m−h∑

i=1

Ri(s)

=
fm−h
1 (s)

(
1− f(s)

)

s

m−h∑

i=1

Ri(s)−
fm−h
1 (s)

(
1− f(s)

)

s
D(s) +

1− fm−h
1 (s)
s

(
Rm(s)− 1

)

=
fm−h
1 (s)

(
1− f(s)

)

s

m−h∑

i=1

Ri(s) + s−1∆(s)− s−1Rm(s) + s−1fm−h
1 (s)

(
Rm(s)−Rm−h(s)

)

+
1− fm−h

1 (s)
s

(
Rm(s)− 1

)
=

fm−h
1 (s)

(
1− f(s)

)

s

m−h∑

i=1

Ri(s)+s−1∆(s)−s−1fm−h
1 (s)Rm−h(s)

− 1− fm−h
1 (s)
s

= s−1∆(s)−
1 + f(s)fm−h

1 (s)
m−h∑
i=1

Ri(s)pm−h−i(s)

s
.

Èòàê,

m+1∑

k=1

Φh(s, k) = Φh(s) =
1
s
− Rm−h(s)

s∆(s)
;

m+1∑

k=1

Φm(s, k) = Φm(s) =
1
s
−

1 + f(s)fm−h
1 (s)

m−h∑
i=1

Ri(s)pm−h−i(s)

s∆(s)
.

(26)

Ââåä¼ì îáîçíà÷åíèÿ:

A(s) =
m∑

n=1

an

m−n∑

i=1

Ri(s)pm−n−i(s) = f−1(s)
m∑

n=1

an

(
Rm−n(s)− (

1− f(s)
) m−n∑

i=1

Ri(s)− 1
)
;

B(s) =
m∑

n=1

an

(
Rm−n(s)

m−h∑

i=1

Ri(s)−Rm−h(s)
m−n∑

i=1

Ri(s)

)
;

B = lim
s→+0

B(s) =
m∑

n=1

an

(
Rm−n

m−h∑

i=1

Ri−Rm−h

m−n∑

i=1

Ri

)
.
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Èç (24) ñ ïîìîùüþ (25) è (26) ïîëó÷àåì

∞∫

0

e−st P{ τ(m) > t } dt=
m∑

n=1

anRm−n(s)

(
1
s
−

1+f(s)fm−h
1 (s)

m−h∑
i=1

Ri(s)pm−h−i(s)

s∆(s)

)

− fm−h
1 (s)

(
f(s)A(s)− f1(s)am+1

)
(

1
s
− Rm−h(s)

s∆(s)

)
− f(s)

(
1− fm−h

1 (s)
)

s
A(s)

− 1− f(s)
s

m∑

n=1

an

m−n∑

i=1

Ri(s) + am+1
1− fm−h+1

1 (s)
s

=
1
s

m∑

n=1

an

(
Rm−n(s)− (

1− f(s)
) m−n∑

i=1

Ri(s)− 1
)

+
1
s

−
m∑

n=1

anRm−n(s)
1 + f(s)fm−h

1 (s)
m−h∑
i=1

Ri(s)pm−h−i(s)

s∆(s)

+ A(s)

(
f(s)fm−h

1 (s)Rm−h(s)
s∆(s)

− f(s)
s

)
− fm−h+1

1 (s)am+1Rm−h(s)
s∆(s)

=
f(s)A(s)

s
+

1
s
−

m∑

n=1

anRm−n(s)
1 + f(s)fm−h

1 (s)
m−h∑
i=1

Ri(s)pm−h−i(s)

s∆(s)

+ A(s)

(
f(s)fm−h

1 (s)Rm−h(s)
s∆(s)

− f(s)
s

)
− fm−h+1

1 (s)am+1Rm−h(s)
s∆(s)

=
1
s
−

m∑

n=1

anRm−n(s)
1 + f(s)fm−h

1 (s)
m−h∑
i=1

Ri(s)pm−h−i(s)

s∆(s)

+
fm−h
1 (s)Rm−h(s)

(
f(s)A(s)− f1(s)am+1

)

s∆(s)
.

Ïðîäîëæèì ïðåîáðàçîâàíèÿ, ó÷èòûâàÿ ðàâåíñòâî (19):

∞∫

0

e−st P{ τ(m) > t } dt =
1
s
−

m∑

n=1

anRm−n(s)
1+fm−h

1 (s)
(
Rm−h(s)−(

1−f(s)
) m−h∑

i=1
Ri(s)−1

)

s∆(s)

+
fm−h
1 (s)Rm−h(s)

( m∑
n=1

anRm−n(s)−(
1−f(s)

) m∑
n=1

an

m−n∑
i=1

Ri(s)−
m∑

n=1
an−am+1f1(s)

)

s∆(s)

=
1
s
−

m∑

n=1

anRm−n(s)
1− fm−h

1 (s)
((

1− f(s)
) m−h∑

i=1
Ri(s) + 1

)

s∆(s)

−
fm−h
1 (s)Rm−h(s)

((
1− f(s)

) m∑
n=1

an

m−n∑
i=1

Ri(s) +
m∑

n=1
an + am+1f1(s)

)

s∆(s)
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=
1
s
+

fm−h
1 (s)

(
1−f(s)

)
B(s)− (

1−fm−h
1 (s)

) m∑
n=1

anRm−n(s)

s∆(s)

+
fm−h
1 (s)Rm−h(s)

( m∑
n=1

an+am+1f1(s)
)

s∆(s)
=

1
s
+

fm−h
1 (s)

(
1−f(s)

)
B(s)

s∆(s)

−

(
1−fm−h

1 (s)
) m∑

n=1
anRm−n(s)+fm−h

1 (s)Rm−h(s)
(
1−am+1

(
1−f1(s)

))

s∆(s)
.

Èòàê, îêîí÷àòåëüíî
∞∫

0

e−st P{ τ(m) > t } dt =
1
s
− fm−h

1 (s)Rm−h(s)
s∆(s)

+
fm−h
1 (s)

(
1−f(s)

)
B(s)

s∆(s)

+
fm−h
1 (s)

(
1−f1(s)

)
am+1Rm−h(s)−(

1− fm−h
1 (s)

) m∑
n=1

anRm−n(s)

s∆(s)
.

(27)

Ïðè ïåðåõîäå â (27) ê ïðåäåëó ïðè s → +0 áóäåì èñïîëüçîâàòü ïîñëåäîâàòåëüíîñòü {Ri},
îïðåäåë¼ííóþ â (10). Ó÷èòûâàÿ ïðåäåëüíûå ñîîòíîøåíèÿ

lim
s→+0

1− f(s)
s

= m1; lim
s→+0

1− fn
1 (s)

s
= nm11 (n ≥ 1); lim

s→+0
∆(s) = Rm−h ,

ïîëó÷èì

lim
s→+0

(
1
s
− fm−h

1 (s)Rm−h(s)
s∆(s)

)
= lim

s→+0

(
1− fm−h

1 (s)
)
Rm(s)− (

1− f(s)
)
fm−h
1 (s)D(s)

s∆(s)

=
(m− h)m11Rm −m1D

Rm−h
, D =

∣∣∣∣∣∣∣∣∣∣

m−h∑
i=1

Ri Rm−h

m∑
i=1

Ri Rm

∣∣∣∣∣∣∣∣∣∣

.

Ïîñëå ïåðåõîäà â ðàâåíñòâå (27) ê ïðåäåëó ïðè s → +0, ïîëó÷èì âûðàæåíèå äëÿ ñðåäíåé
ïðîäîëæèòåëüíîñòè ïåðèîäà çàíÿòîñòè. Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ñðåäíÿÿ ïðîäîëæèòåëüíîñòü ïåðèîäà çàíÿòîñòè äëÿ ñèñòåìû îáñëóæèâàíèÿ
Mθ

h,m/G1/1/m îïðåäåëÿåòñÿ â âèäå

M τ(m) =
m1(B −D) + m11

(
(m− h)

(
Rm −

m∑
n=1

anRm−n

)
+ am+1Rm−h

)

Rm−h
. (28)

Ðàññóæäàÿ òàê æå, êàê â ðàáîòå [8, c. 169�170] è ïîëüçóÿñü óçëîâîé òåîðåìîé âîññòàíîâëåíèÿ
[20, c. 46], íàõîäèì ïðåäåëû

lim
t→∞P{ ξ(t) = k } =

λ

1 + λM τ(m)

∞∫

0

P{ ξ(u) = k, τ(m) ≥ u } du ( k = 1, m + 1 );

lim
t→∞P{ ξ(t) = 0 } =

λ

1 + λM τ(m)

∞∫

0

P{ τ(m) < u, τ(m) + ξ1 ≥ u } du.

(29)
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Ïîñêîëüêó P{ τ(m) < u, τ(m) + ξ1 ≥ u } = P{ τ(m) + ξ1 ≥ u } −P{ τ(m) ≥ u }, òî
∞∫

0

P{ τ(m) < u, τ(m) + ξ1 ≥ u } du =
1
λ

. (30)

Ïîëîæèâ â ðàâåíñòâå (24) s = 0, ïîëó÷èì ñîîòíîøåíèå
∞∫

0

P{ ξ(t) = k, τ(m) > t } dt =
m∑

n=1

anRm−n

(
Φm(k)− Φh(k)

)
+ Φh(k)

−
m∑

n=1

an

m−n∑

i=1

Rign+i(k) + m11am+1I{h + 1 ≤ k ≤ m + 1}.
(31)

Èñïîëüçóÿ ðàâåíñòâà (21), íàéä¼ì Φh(k) = Φh(0, k) , Φm(k) = Φm(0, k), à òàêæå ôóíêöèþ
gn(k) = gn(0, k). Èòàê (ñì. (12)):

gn(k) = g(k)pm−n + fn(k), g(k) = g(0, k) = m11I{h + 1 ≤ k ≤ m},
fn(k) = fn(0, k) = qk−n + I{k = m + 1}qm+2−n,

(32)

ãäå ïîñëåäîâàòåëüíîñòè {pi} è {qi} îïðåäåëÿþòñÿ ñîãëàñíî (10) è (11). Ïîýòîìó

Φh(k) =
g(k)(Rm −Rm−h) + D1(k)

Rm−h
,

Φm(k) =
g(k)(Rm − 1) +

m−h∑
i=1

Rifh+i(k) + D1(k)

Rm−h
,

ãäå

D1(k) = D1(0, k) =

∣∣∣∣∣∣∣∣∣∣

Rm−h

m−h∑
i=1

Rifh+i(k)

Rm

m∑
i=1

Rifi(k)

∣∣∣∣∣∣∣∣∣∣

.

Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ â (31), ñ ïîìîùüþ ðàâåíñòâà
m−n∑
i=1

Ripm−n−i = Rm−n − 1,

ñëåäóþùåãî èç (19), ïîëó÷àåì

∞∫

0

P{ ξ(t) = k, τ(m) > t } dt=
m∑

n=1

anRm−n

g(k)(Rm−h−1) +
m−h∑
i=1

Rifh+i(k)

Rm−h

+
g(k)(Rm −Rm−h) + D1(k)

Rm−h
− g(k)

m∑

n=1

an(Rm−n − 1)

−
m∑

n=1

an

m−n∑

i=1

Rifn+i(k) + m11am+1I{h + 1 ≤ k ≤ m + 1}

=

m∑
n=1

anRm−n

m−h∑
i=1

Rifh+i(k) + g(k)
(

m∑
n=1

an

(
Rm−h −Rm−n

)
+ Rm −Rm−h

)
+ D1(k)

Rm−h
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−
m∑

n=1

an

m−n∑

i=1

Rifn+i(k) + m11am+1I{h + 1 ≤ k ≤ m + 1}

=

m∑
n=1

anRm−n

(m−h∑
i=1

Rifh+i(k)−g(k)
)
−g(k)

(
Rm−ham+1−Rm

)
+D1(k)

Rm−h

−
m∑

n=1

an

m−n∑

i=1

Rifn+i(k) + m11am+1I{h + 1 ≤ k ≤ m + 1}.

Îòñþäà, ââåäÿ îáîçíà÷åíèÿ

Bf (k) =
m∑

n=1

an

(
Rm−n

m−h∑

i=1

Rifh+i(k)−Rm−h

m−n∑

i=1

Rifn+i(k)

)
; R = Rm −

m∑

n=1

anRm−n

è ó÷èòûâàÿ âèä ôóíêöèè g(k) èç (32), îêîí÷àòåëüíî íàõîäèì
∞∫

0

P{ ξ(t) = k, τ(m) > t } dt =
Bf (k) + g(k)R + D1(k)

Rm−h
+ m11am+1I{k = m + 1}. (33)

Èç (29), (30) è (33) ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3. Ýðãîäè÷åñêîå ðàñïðåäåëåíèå ÷èñëà çàÿâîê â ñèñòåìå Mθ
h,m/G1/1/m îïðåäåëÿåò-

ñÿ ñîîòíîøåíèÿìè:

ρ0(m) =
1

1 + λM τ(m)
;

ρk(m) =
λ

1 + λM τ(m)

( k∑

i=1

Riqk−i −
m∑

n=1

an

k−n∑

i=1

Riqk−n−i

)
( k = 1, h );

ρk(m) =
λ

1 + λM τ(m)

( k∑

i=1

Riqk−i −
m∑

n=1

an

k−n∑

i=1

Riqk−n−i

+
R

Rm−h

(
m11 −

k−h∑

i=1

Riqk−h−i

))
( k = h + 1, m );

ρm+1(m) =
λ

1 + λM τ(m)

( m∑

i=1

Riqm+1−i −
m∑

n=1

an

m−n∑

i=1

Riqm+1−n−i

− R

Rm−h

m−h∑

i=1

Riqm+1−h−i + m11am+1

)
.

(34)

6. ÎÏÐÅÄÅËÅÍÈÅ ÑÒÀÖÈÎÍÀÐÍÛÕ ÕÀÐÀÊÒÅÐÈÑÒÈÊ
Ôîðìóëó äëÿ âåðîÿòíîñòè îáñëóæèâàíèÿ Psv(m) ïîëó÷èì êàê ïðåäåë ïðè T →∞ îòíîøå-

íèÿ ÷èñëà îáñëóæåííûõ çàÿâîê ê ÷èñëó ïðèáûâøèõ çà âðåìÿ T. Ñðåäíåå ÷èñëî ïðèáûâøèõ íà
âõîä ñèñòåìû çà âðåìÿ T çàÿâîê ðàâíî λb1T, à ñðåäíåå ÷èñëî îáñëóæåííûõ çà ýòî æå âðåìÿ
ñîñòàâëÿåò

(
1 − ρ0(m)

)
T/m̃1, ãäå m̃1 � ñðåäíåå âðåìÿ îáñëóæèâàíèÿ îäíîé çàÿâêè, êîòîðîå

ìîæíî îïðåäåëèòü ïî ôîðìóëå
1

m̃1
=

M τ1(m)
m1M τ(m)

+
M τ11(m)

m11M τ(m)
.
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Çäåñü M τ1(m) è M τ11(m) � ñðåäíèå ïðîäîëæèòåëüíîñòè ÷àñòåé ïåðèîäà çàíÿòîñòè, ñîîòâåò-
ñòâóþùèõ îñíîâíîìó è âîññòàíàâëèâàþùåìó ðåæèìàì ñîîòâåòñòâåííî. Â ðåçóëüòàòå ñ ïîìî-
ùüþ ñîîòíîøåíèÿ (28) äëÿ M τ(m) ïîëó÷èì ñëåäóþùóþ ôîðìóëó äëÿ âåðîÿòíîñòè îáñëóæè-
âàíèÿ

Psv(m) =
Z

Rm−hb1

(
1 + λM τ(m)

) , Z = B −D + (m− h)R + am+1Rm−h. (35)

Ñòàöèîíàðíûå õàðàêòåðèñòèêè î÷åðåäè � ñðåäíþþ äëèíó î÷åðåäè MQ(m) è ñðåäíåå âðåìÿ
îæèäàíèÿ Mw(m) íàõîäèì ïî ôîðìóëàì

MQ(m) =
m∑

k=1

kρk+1(m); Mw(m) =
MQ(m)

λb1Psv(m)
.

Ñîîòíîøåíèå äëÿ Mw(m) âûòåêàåò èç ôîðìóëû Ëèòòëà äëÿ ñèñòåì îáñëóæèâàíèÿ ñ ïîòåðÿìè
çàÿâîê. Èñïîëüçóÿ ðàâåíñòâà (34) è (35), ïîëó÷àåì

MQ(m) =
λ

1 + λM τ(m)

(
m−1∑

k=1

k

(k+1∑

i=1

Riqk+1−i −
m∑

n=1

an

k+1−n∑

i=1

Riqk+1−n−i

)

+
R

Rm−h

(
m11

2
(m− h)(m + h− 1)−

m−1∑

k=h

k+1−h∑

i=1

kRiqk+1−h−i

)

+ m

( m∑

i=1

Riqm+1−i −
m∑

n=1

an

m−n∑

i=1

Riqm+1−n−i −
R

Rm−h

m−h∑

i=1

Riqm+1−h−i + m11am+1

))
;

Mw(m) =
Rm−h

B −D + (m− h)R + am+1Rm−h

(
m11

(
mam+1 +

R

2Rm−h
(m− h)(m + h− 1)

)

+
m−1∑

k=1

k

(k+1∑

i=1

Riqk+1−i −
m∑

n=1

an

k+1−n∑

i=1

Riqk+1−n−i

)
− R

Rm−h

m−1∑

k=h

k+1−h∑

i=1

kRiqk+1−h−i

+ m

( m∑

i=1

Riqm+1−i −
m∑

n=1

an

m−n∑

i=1

Riqm+1−n−i −
R

Rm−h

m−h∑

i=1

Riqm+1−h−i

))
.

(36)

7. ÏÐÈÌÅÐ ÂÛ×ÈÑËÅÍÈß ÝÐÃÎÄÈ×ÅÑÊÎÃÎ ÐÀÑÏÐÅÄÅËÅÍÈß
È ÕÀÐÀÊÒÅÐÈÑÒÈÊ ÑÈÑÒÅÌÛ

Äëÿ âû÷èñëåíèÿ ïîñëåäîâàòåëüíîñòåé Ri, qi ( i ≥ 1) ìîæíî ïîñòðîèòü àëãîðèòìû, êîòîðûå
íå çàâèñÿò îò ïàðàìåòðà m è ïîýòîìó äëÿ èõ ðåàëèçàöèè äîñòàòî÷íî ðàñïîëàãàòü èíôîðìàöèåé
î âõîäíîì ïîòîêå è ðàñïðåäåëåíèè âðåìåíè îáñëóæèâàíèÿ îñíîâíîãî ðåæèìà (ôóíêöèè F (x) ).

Èç ðàâåíñòâ (11) ñëåäóþò ðåêóððåíòíûå ñîîòíîøåíèÿ:

R1 =
1

p−1
, Rk+1 =

Rk −
k−1∑
i=0

piRk−i

p−1
( k ≥ 1 );

q0 =
1− f(λ)

λ
, qk =

k∑

i=1

aiqk−i − pk−1

λ
( k ≥ 1 ),
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ãäå

pi =
i+1∑

k=0

ak∗
i+1

∞∫

0

e−λx (λx)k

k!
dF (x) ( i = −1, 0, 1, ... ) . (37)

Ïðåäïîëîæèì, ÷òî çàÿâêè ìîãóò ïðèáûâàòü òîëüêî ïî îäíîé èëè ïî äâå (a1 + a2 = 1),
îñíîâíîå âðåìÿ îáñëóæèâàíèÿ ðàñïðåäåëåíî ïî çàêîíó Ýðëàíãà âòîðîãî ïîðÿäêà

(
F (x) = 1−

(1+µx)e−µx, x ≥ 0
)
ñî ñðåäíèì çíà÷åíèåì m1 = 2/µ, à ôóíêöèÿ ðàñïðåäåëåíèÿ F1(x) âðåìåíè

îáñëóæèâàíèÿ äëÿ âîññòàíàâëèâàþùåãî ðåæèìà ïðîèçâîëüíà ñî ñðåäíèì çíà÷åíèåì âðåìåíè
îáñëóæèâàíèÿ m11. Òîãäà ïî ôîðìóëàì (37) ïîëó÷àåì

p−1 =
µ2

(λ + µ)2
; p0 =

2a1µ
2λ

(λ + µ)3
; p1 =

3a2
1µ

2λ2

(λ + µ)4
+

2a2µ
2λ

(λ + µ)3
;

p2 =
4a3

1µ
2λ3

(λ + µ)5
+

6a1a2µ
2λ2

(λ + µ)4
; p3 =

5a4
1µ

2λ4

(λ + µ)6
+

12a2
1a2µ

2λ3

(λ + µ)5
+

3a2
2µ

2λ2

(λ + µ)4
;

p4 =
6a5

1µ
2λ5

(λ + µ)7
+

20a3
1a2µ

2λ4

(λ + µ)6
+

12a1a
2
2µ

2λ3

(λ + µ)5
.

Ðàññìîòðèì ïðèìåð ñî ñëåäóþùèìè ÷èñëîâûìè äàííûìè: a1 = 0, 75; a2 = 0, 25; m = 5;
h = 2; λ = 2; µ = 3; m11 = 1/3. Òîãäà m1 = 2/3, b1 = 1, 25, è ñðåäíÿÿ ïðîäîëæèòåëüíîñòü
ïåðèîäà çàíÿòîñòè M τ(m), íàéäåííàÿ ïî ôîðìóëå (28), ñîñòàâëÿåò 8,17121. Â ñòðîêå "ρk(m)"
òàáëèöû 1 ïðåäñòàâëåíû âåðîÿòíîñòè ρk(m), âû÷èñëåííûå ïî ôîðìóëàì (34). Â íèæíåé ñòðîêå
ýòîé òàáëèöû äëÿ ñðàâíåíèÿ ïðèâåäåíû çíà÷åíèÿ ñîîòâåòñòâóþùèõ âåðîÿòíîñòåé, ïîëó÷åííûå
ñ ïîìîùüþ ñèñòåìû èìèòàöèîííîãî ìîäåëèðîâàíèÿ GPSS World [21, 22] äëÿ çíà÷åíèÿ âðåìåíè
t = 500 000. Çíà÷åíèÿ ñòàöèîíàðíûõ õàðàêòåðèñòèê ñèñòåìû, íàéäåííûå ïî ôîðìóëàì (35) è
(36), à òàêæå ñ ïîìîùüþ GPSS World, ïðèâåäåíû â òàáëèöå 2.

Òàáëèöà 1. Ñòàöèîíàðíîå ðàñïðåäåëåíèå ÷èñëà çàÿâîê â ñèñòåìå

×èñëî çàÿâîê (k) 0 1 2 3 4 5 6
ρk(m) 0,05766 0,10251 0,18865 0,22263 0,19571 0,13740 0,09545

ρk(m) (GPSS World, t = 5 · 105) 0,05700 0,10241 0,18879 0,22342 0,19599 0,13765 0,09565

Òàáëèöà 2. Ñòàöèîíàðíûå õàðàêòåðèñòèêè ñèñòåìû

Õàðàêòåðèñòèêà Psv(m) MQ(m) Mw(m)

Àíàëèòè÷åñêîå çíà÷åíèå 0,68736 2,24785 1,30811
Çíà÷åíèå ñîãë. GPSS World (t = 5 · 105) 0,687 2,248 1,308

8. ÐÅØÅÍÈÅ ÇÀÄÀ× ÎÏÒÈÌÀËÜÍÎÃÎ ÑÈÍÒÅÇÀ
Îáîçíà÷èì ÷åðåç PLS(m) âåðîÿòíîñòü ïîòåðè çàÿâêè äëÿ ñèñòåìû Mθ

h,m/G1/1/m, òîãäà

PLS(m) = 1−Psv(m). (38)

Ðàññìîòðèì çàäà÷è îïòèìàëüíîãî ñèíòåçà äëÿ ñèñòåìû Mθ
h,m/G1/1/m, ðåøåíèÿ êîòîðûõ

ìîæíî íàéòè â ÿâíîì âèäå. Ïåðâóþ èç íèõ áóäåì íàçûâàòü çàäà÷åé (m11, PLS(m)) è ñôîðìó-
ëèðóåì òàê: äëÿ ôèêñèðîâàííûõ çíà÷åíèé ïàðàìåòðîâ λ, m1, m, h è ai (i ≥ 1) íàéòè òàêîå
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íàèáîëüøåå çíà÷åíèå ñðåäíåãî âðåìåíè îáñëóæèâàíèÿ m11 âîññòàíàâëèâàþùåãî ðåæèìà, ïðè
êîòîðîì âåðîÿòíîñòü ïîòåðè çàÿâêè PLS(m) íå ïðåâûøàåò çàäàííîãî çíà÷åíèÿ P0.

Òåîðåìà 4. Åñëè âûïîëíåíî óñëîâèå

(ρ− 1)(B −D) + (b1 − am+1)Rm−h − (m− h)R
b1

(
Rm−h + λm1(B −D)

) < P0 < 1, (39)

òî ðåøåíèå çàäà÷è (m11, PLS(m)) îïðåäåëÿåòñÿ â âèäå

m∗
11 =

Z − b1(1− P0)
(
Rm−h + λm1(B −D)

)

λb1(1− P0)
(
(m− h)R + am+1Rm−h

) . (40)

Äîêàçàòåëüñòâî. Ïîëüçóÿñü ñîîòíîøåíèÿìè (35) è (38), çàïèñûâàåì íåðàâåíñòâî
PLS(m) ≤ P0 è ðåøàåì åãî îòíîñèòåëüíî m11. Ïîëó÷àåì ðåøåíèå â âèäå m11 ≤ m∗

11, ãäå m∗
11

îïðåäåëÿåòñÿ ñîãëàñíî (40). Ïåðâîå èç íåðàâåíñòâ (39) îáåñïå÷èâàåò ïîëîæèòåëüíîñòü ÷èñëè-
òåëÿ â ïðàâîé ÷àñòè (40). Çíàìåíàòåëü â ïðàâîé ÷àñòè (40) ïîëîæèòåëåí, ïîñêîëüêó R > 0 è
P0 < 1. Òåîðåìà äîêàçàíà. ¤

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî ñèíòåçà (m11, Mw(m)): äëÿ ôèêñèðîâàííûõ çíà÷åíèé ïà-
ðàìåòðîâ λ, m1, m, h è ai (i ≥ 1) íàéòè òàêîå íàèáîëüøåå çíà÷åíèå ñðåäíåãî âðåìåíè îáñëó-
æèâàíèÿ m11 âîññòàíàâëèâàþùåãî ðåæèìà, ïðè êîòîðîì ñðåäíåå âðåìÿ îæèäàíèÿ â î÷åðåäè
Mw(m) íå ïðåâûøàåò çàäàííîãî çíà÷åíèÿ w0.

Ââåä¼ì îáîçíà÷åíèå

H =Rm−h

m−1∑

k=1

k

(k+1∑

i=1

Riqk+1−i −
m∑

n=1

an

k+1−n∑

i=1

Riqk+1−n−i

)
−R

m−1∑

k=h

k+1−h∑

i=1

kRiqk+1−h−i

+ m

(
Rm−h

( m∑

i=1

Riqm+1−i −
m∑

n=1

an

m−n∑

i=1

Riqm+1−n−i

)
−R

m−h∑

i=1

Riqm+1−h−i

)
.

Òåîðåìà 5. Åñëè

w0 >
H

Z
, Z = B −D + (m− h)R + am+1Rm−h, (41)

òî ðåøåíèå çàäà÷è (m11, Mw(m)) îïðåäåëÿåòñÿ â âèäå

m∗
11 =

2(w0Z −H)
R(m− h)(m + h− 1) + 2mRm−ham+1

. (42)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ñîîòíîøåíèå (36) äëÿ Mw(m), çàïèñûâàåì íåðàâåíñòâî
Mw(m) ≤ w0 è ðåøàåì åãî îòíîñèòåëüíî m11. Ïîëó÷àåì ðåøåíèå â âèäå m11 ≤ m∗

11, ãäå m∗
11

îïðåäåëÿåòñÿ ñîãëàñíî (42). Óñëîâèå (41) îáåñïå÷èâàåò ïîëîæèòåëüíîñòü ÷èñëèòåëÿ â ïðàâîé
÷àñòè (42), à, çíà÷èò, è m∗

11. Òåîðåìà äîêàçàíà. ¤

Ðåøåíèÿ çàäà÷ îïòèìàëüíîãî ñèíòåçà (m11, PLS(m)) è (m11, Mw(m)), ïîëó÷åííûå ïî ôîð-
ìóëàì (40) è (42) äëÿ äàííûõ ïðèìåðà, ðàññìîòðåííîãî â ï. 7, ïðèâåäåíû â òàáëèöàõ 3 è 4.

Èñïîëüçóÿ óñëîâèÿ (39) è (41) ñîîòâåòñòâåííî, íàõîäèì óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé
ýòèõ çàäà÷: 0, 137 < P0 < 1, w0 > 0, 953.
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Òàáëèöà 3. Ðåøåíèÿ çàäà÷è îïòèìàëüíîãî ñèíòåçà (m11, PLS(m))

P0 0,15 0,20 0,25 0,30 0,35 0,40 0,45
m∗

11 0,020 0,102 0,196 0,304 0,428 0,572 0,743

Òàáëèöà 4. Ðåøåíèÿ çàäà÷è îïòèìàëüíîãî ñèíòåçà (m11, Mw(m))

w0 0,96 1,0 1,1 1,2 1,3 1,4 1,5 1,6 1,7
m∗

11 0,006 0,044 0,138 0,232 0,326 0,420 0,514 0,608 0,701

9. ÇÀÊËÞ×ÅÍÈÅ

Ñ ïîìîùüþ ìàòåìàòè÷åñêîãî àïïàðàòà, áàçèðóþùåãîñÿ, â îñíîâíîì, íà ìåòîäå ïîòåíöèàëà
Â.Ñ. Êîðîëþêà, â íàñòîÿùåé ðàáîòå èçó÷åíà ñèñòåìà îáñëóæèâàíèÿ Mθ

h,m/G1/1/m. Íàéäåíû
ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â ñèñòåìå íà ïåðèîäå çàíÿòîñòè è äëÿ
ôóíêöèè ðàñïðåäåëåíèÿ ïåðèîäà çàíÿòîñòè, îïðåäåëåíà ñðåäíÿÿ ïðîäîëæèòåëüíîñòü ïåðèîäà
çàíÿòîñòè, ïîëó÷åíû ôîðìóëû äëÿ ýðãîäè÷åñêîãî ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â ñèñòåìå è
ñòàöèîíàðíûõ õàðàêòåðèñòèê. Ïðåäëîæåí óäîáíûé àëãîðèòì âû÷èñëåíèÿ ýðãîäè÷åñêîãî ðàñ-
ïðåäåëåíèÿ, ðåêóððåíòíûå ñîîòíîøåíèÿ êîòîðîãî ÿâíî íå çàâèñÿò îò îáú¼ìà íàêîïèòåëÿ m.
Ïîëó÷åííûå ðåçóëüòàòû ïðîâåðåíû ñ ïîìîùüþ èìèòàöèîííîé ìîäåëè, ïîñòðîåííîé ñ ïðèâëå÷å-
íèåì èíñòðóìåíòàëüíûõ ñðåäñòâ GPSS World. Ðåøåíû çàäà÷è îïòèìàëüíîãî ñèíòåçà ñèñòåì ñ
çàäàííûìè õàðàêòåðèñòèêàìè, â êîòîðûõ â êà÷åñòâå êðèòåðèÿ íàèëó÷øåãî ôóíêöèîíèðîâàíèÿ
ñèñòåìû âûáèðàëîñü çàäàííîå çíà÷åíèå îäíîé èç ñòàöèîíàðíûõ õàðàêòåðèñòèê.

10. ÏÐÈËÎÆÅÍÈÅ. ÏÐÎÃÐÀÌÌÀ ÄËß GPSS WORLD
Lam EQU 2 ; çíà÷åíèå λ

Myu EQU 3 ; çíà÷åíèå µ (ïàðàìåòð îñíîâíîãî ðåæèìà)
Em EQU 5 ; îáú¼ì íàêîïèòåëÿ
AH EQU 2 ; ïîðîã âîññòàíîâëåíèÿ
Ver VARIABLE N$MET6/N$MET0 ; âåðîÿòíîñòü îáñëóæèâàíèÿ
VRMOD EQU 500000 ; âðåìÿ ìîäåëèðîâàíèÿ
QOCH TABLE Q$OCHER 0,1,7 ; ãèñòîãðàììà ðàñïðåäåëåíèÿ äëèíû î÷åðåäè
GENERATE 1
TABULATE QOCH
TERMINATE
MET5 GENERATE (Exponential(5,0,(1/Lam))) ; ðàñïðåäåëåíèå äëÿ âõîäíîãî ïîòîêà
TRANSFER 750½MET0 ; çàäàíèå âåðîÿòíîñòåé a1 è a2

SPLIT 2,MET0 ; ïîñòóïëåíèå çàÿâîê ïàðàìè
TRANSFER ,OUT
MET0 TEST L Q$OCHER,Em,OUT ; îãðàíè÷åíèå äëèíû î÷åðåäè
GATE LS KLU,MET3 ; âêëþ÷¼í ëè êëþ÷ áëîêèðîâêè âõîäà?
QUEUE OCHER
ASSIGN 1,Q$OCHER
TEST E P1,Em,MET2 ; ðàâíà ëè äëèíà î÷åðåäè m?
SPLIT 1,MET1 ; çàáëîêèðîâàòü âõîä
MET2 SEIZE KAN
DEPART OCHER
TEST E Q$OCHER,(AH-1),MET4 ; ðàâíà ëè äëèíà î÷åðåäè h− 1?
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LOGIC S KLU ; âêëþ÷èòü êëþ÷
ADVANCE ((Exponential(5,0,(1/Myu)))+(Exponential(5,0,(1/Myu)))) ; îáñëóæèâàíèå (îñí. ðåæèì)
TRANSFER ,MET6
MET4 GATE LS KLU,MET7 ; âêëþ÷¼í ëè êëþ÷ áëîêèðîâêè âõîäà?
ADVANCE ((Exponential(5,0,(1/Myu)))+(Exponential(5,0,(1/Myu)))) ; îáñëóæèâàíèå (îñí. ðåæèì)
TRANSFER ,MET6
MET7 ADVANCE (Uniform(5,0,(2/3))) ; âîññòàíàâëèâàþùèé ðåæèì îáñëóæèâàíèÿ
MET6 RELEASE KAN
TERMINATE
MET1 LOGIC R KLU ; âûêëþ÷èòü êëþ÷
TERMINATE
MET3 TERMINATE
OUT TERMINATE
GENERATE ½,1
LOGIC S KLU ; âêëþ÷èòü êëþ÷
TERMINATE
GENERATE VRMOD
SAVEVALUE Ver,V$Ver
TERMINATE 1
START 1
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